Tunneling between opposite surfaces of topological insulator thin film populated by electrons and holes is considered. We predict considerable enhancement of tunneling conductivity by Cooper electron-hole pair fluctuations that are precursor of their Cooper pairing. Cooper pair fluctuations lead to the critical behavior of tunneling conductivity in vicinity of critical temperature with critical index ν = 2. If the pairing is suppressed by disorder the behavior of tunneling conductivity in vicinity of quantum phase transition is also critical with the index µ = 2. The effect can be interpreted as fluctuational internal Josephson effect and it is general phenomenon for electron-hole bilayers. The peculiarities of the effect in other realizations of electron-hole bilayer are discussed.
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I. INTRODUCTION
Cooper pairing of spatially separated electrons and holes was predicted in the system of semiconductor quantum wells more then thirty years ago 1 . Later it was observed in quantum Hall bilayer at total filling factor ν T = 1 that can be presented as the system of spatially separated composite electrons and composite holes (see 2 and references therein). After graphene discovery Cooper pairing of Dirac electrons and holes in the structure of independently gated graphene layers has been proposed [3] [4] [5] . Recently possibility of Cooper pairing of Dirac electrons and holes was predicted 6, 7 in thin film of topological insulator (TI), new unique class of solids that has topologically protected Dirac surface states 8, 9 . The electron-hole pairing in that system is the realization of topological superfluidity and hosts Majorana fermions on edges and vortices 7, 10 that is the topic of extraordinary interest due to possibility to use them in quantum computation 11, 12 . Also the Cooper pairing can lead to a number of interesting physical effects including superfluidity 1 , anomalous drag effect 13 , nonlocal Andreev reflection 14 . The most prominent manifestation of electron-hole pairing is internal Josephson effect 15 . The coherence between electron and hole states leads to a tunnel current j T = j 0 sin(φ − φ T ) that depends on the phase φ of electron-hole condensate. Here j 0 is maximal value of the current carried by the condensate and φ T is the phase of the tunnel matrix element. Dynamic of the phase on the macroscopic scale is described by the action with Lagrangian analogous to the one for the superconducting Josephson junctions. But current-voltage characteristics of the electron-hole bilayer drastically differs from ones of the latter. In equilibrium state the phase of the order parameter is fixated φ = φ T and the tunnel current is zero hence in electron-hole system there is no analog of DC Josephson effect. The coherent tunnel current flows in the non equilibrium state driven by a voltage bias between the electron and hole layers. It leads to a colossal enhancement of tunneling conductivity at zero voltage bias. The effect has been observed in quantum Hall bilayer 16, 17 and its microscopical and macroscopical description were addressed in a number of interesting theoretical papers [18] [19] [20] [21] [22] . Cooper electron-hole pairing can appear above critical temperature as thermodynamic fluctuations. Particulary they lead to the logarithmic divergence of a drag conductivity as a function of a temperature 23, 24 and a pseudogap formation in single-particle density of states of electrons and holes 25 . Manifestations of Cooper pair fluctuations in tunneling have not been consider previously. Since tunneling conductivity is colossally enhanced in the paired state one can anticipate its strong enhancement by Cooper pair fluctuations above critical temperature in analogy with strong contribution of electron-electron Copper pair fluctuations in superconductor to its diamagnetic susceptibility and electric conductivity 26 . Indeed, tunneling current in electron-hole bilayer can be transferred by Cooper pair fluctuations. Since the amplitude of pairing fluctuations increases in a vicinity of critical temperature, as fluctuations of an ordered state do for different phase transitions, one can expect the significant enhancement of tunneling conductivity and its critical behavior. The described effect can be called fluctuational internal Josephson effect and it is rather general phenomenon for electron-hole bilayers. Here we develop the microscopic theory of the effect and its macroscopic theory will be published elsewhere. We have considered the effect in topological insulator thin film and its peculiarities in other realizations of electron-hole bilayer are discussed in Conclusions.
The rest of the paper is organized as follows. In Section 2 we briefly discuss the model used for the description of interacting electrons and holes in TI film. In Section 3 the microscopical description of Cooper pair fluctuations is introduced. In Section 4 the tunneling conductivity between the opposite surfaces of topological insulator film is calculated and Section 5 is devoted to the analysis of results and conclusions. 
II. THE MODEL
The setup for the experimental investigation of tunneling conductivity between spatially separated electrons and holes in TI film is presented on Fig.1 . Voltage V eh between the external gates induces equilibrium concentrations of electrons and holes on the opposite surfaces. Voltage V drives the system from equilibrium and induces charge current between the layers. If the side surfaces of the film are gapped, for example, by ordered magnetic impurities introduced to TI surface the charge can be transferred only via interlayer tunneling and the tunneling resistance can be measured. Also charge transport through TI side surfaces is unimportant if the area of the tunneling junction is large enough.
Possibility and peculiarities of electron-hole Cooper pairing in the TI film in realistic model that takes into account screening, disorder and interlayer tunneling has been considered in our paper 6 . Here we focus on investigation of Cooper pair fluctuations and their role in tunneling. Hamiltonian of the system H = H eh +H d +H T includes kinetic and electron-hole interaction energies H eh , interaction with disorder H d and the part describing tunneling H T . The first part in single-band approximation that ignores valence (conduction) band on the surface with excess of electrons (holes) is given by
Here a p is annihilation operator for a electron on the surface with excess of electrons and b p is annihilation operator for a electron on the surface with excess of holes 27 ; ξ p = v F p − E F is Dirac dispersion law in which v F and E F are velocity and Fermi energy of electrons and holes. We consider the balanced case since it is favorable for Cooper pairing and the pairing is sensitive to concentration mismatch of electrons and holes. U (q) is screened Coulomb interaction between electrons and holes (see 6 for its explicit value) and Λ p+q,p
is angle factor that comes from the overlap of spinor wave functions of two-dimensional Dirac fermions. Critical temperature of pairing in Bardeen-Cooper-Schrieffer (BCS) theory that ignores disorder and tunneling is given by
where U ′ is Coulomb coupling constant 28 ; γ ′ = e C where C ≈ 0, 577 is the Euler constant.
We do not specify explicitly the interaction Hamiltonian with disorder H d since both short-range and longrange Coulomb impurities lead to pairbreaking and can suppress Cooper pairing. Short-range disorder scatters only one component of Cooper pair since they are spatially separated and long-range Coulomb impurities acts differently on components of Cooper pair since they have different charge. Below we introduce phenomenological decays of electrons γ a and holes γ b .
The tunneling of electrons between the opposite surfaces of topological insulator thin film with conserving momentum can be described by the following Hamiltonian
where t is the tunneling amplitude. We consider influence of tunneling on pairing to be weak and treat it below as perturbation. The described model is applicable for description of tunneling in TI films which width is larger than value at which t ≈ T 0 . If t ≫ T 0 tunneling strongly influences electron-hole pairing and it can not be treated as perturbation. Particularly it induces electron-hole condensate with fixated phase and smears critical temperature to the paired state. Our calculation 6 shows that the described model is applicable for thin films of Bi 2 Se 3 at d > 10 nm. In that case critical temperature without disorder can achieve T 0 ≈ 0.1 K at E F = 5 meV and the pairing is not suppress by disorder if electrons and holes have exceptional hight mobilities of order µ ∼ 10 6 sm 2 /Vs. It should be noted that single-band and static screening approximations used for calculation of critical temperature 6 usually underestimate critical temperature of Cooper pairing between Dirac particles [29] [30] [31] .
III. COOPER PAIR FLUCTUATIONS
For the microscopical description of Cooper pair fluctuations we introduce Cooper propagator Γ R c (ω). It corresponds to the two-particle vertex function in the Cooper channel 26 and satisfies the Bethe-Salpeter equation depicted on Fig. 2 (a) . In Bardeen-Cooper-Schrieffer (BCS) approximation its solution can be presented in the form
where Π R c (ω) corresponds to electron-hole bubble diagram that can be interpreted as Cooper susceptibility of the system. After direct calculation it can be presented in the following form
Here γ = (γ a + γ b )/2 is disorder caused Copper pair decay rate equals to the half-sum of phenomenological introduced decay rates of electrons and holes 32 ; ν F is the density of states of electrons and holes on the Fermi level; Ψ(x) is the digamma function. Cooper pair propagator acquires the following form
In the absence of disorder Γ R c (ω) = 0 at the critical temperature T 0 indicating Cooper instability of the system against Cooper pairing. Critical temperature for disordered system T d at which Γ R c (ω) = 0 satisfies the following equation
This equation has nontrivial solution if γ < γ 0 , where γ 0 = 0.89T 0 is the critical Cooper pair decay value. In opposite case the pairing is suppressed by disorder. The value γ 0 corresponds to quantum critical point at zero temperature. Above critical temperature T d the expression for Cooper pair propagator (6) at ω → 0 can be approximated in the following way
If the pairing is suppressed by the disorder Cooper pair propagator at zero temperature and at ω → 0 is given by
IV. TUNNELING CONDUCTIVITY For a calculation of the tunneling conductivity we use linear response theory in which the tunneling conductivity σ(V ) at a finite voltage bias V can be presented in the form of Kubo formula
where the retarded response function χ R (ω) can be obtained by the analytical continuation iΩ n → ω + iδ of χ M (iΩ n ) that is given by Here T M is the time-ordering symbol for a imaginary time τ and Ω n = 2πnT is a bosonic Matsubara frequency. In the system of noninteracting electrons and holes the χ M (iΩ n ) corresponds to the first diagram on the Fig. 1  (b 
Hence the tunneling conductivity for noninteracting electrons and holes σ 0 is given by
Its value σ m 0 (γ, T ) at zero bias is given by
and at low temperatures T ≪ γ it transforms to
Introduction of the electron-hole Coulomb interaction in the ladder approximation leads to three additional terms for the tunneling conductivity. The first one corresponds to second diagram on Fig.2 (b) . It is singular in a vicinity of critical temperature and cannot be reduced to the tunneling conductivity of noninteracting quasiparticles with a renormalized spectrum due to Cooper pair fluctuations. The other two terms correspond to renormalization of single-particle Green functions of electrons and holes. They are not singular in a vicinity of critical temperature and can be neglected. The tunneling conductivity for interacting electrons and holes σ c is given by The denominator of (15) 
In vicinity of the critical temperature it diverges as σ 
It diverges in the vicinity of the quantum phase transition at γ = γ 0 as σ m c (γ, 0) ∼ (γ −γ 0 ) −µ with the critical index µ = 2.
The formulas (16) and (17) are the main result of the article. The calculated contribution of Cooper pair fluctuations to the tunneling conductivity cannot be reduced to the one of noninteracting quasiparticles with renormalized spectrum due to Cooper pair fluctuations. It can be interpreted as the direct contribution of Cooper pair fluctuations. Hence the predicted effect of the enhancement of tunneling conductivity in a vicinity of the critical temperature and the quantum critical point is the collective effect that can be interpreted as fluctuational internal Josephson effect.
V. ANALYSIS AND DISCUSSION
Tunneling conductivity at finite voltage bias and in full-range of temperature and Cooper pair decay was cal- culated numerically according to formulas (5), (12) and (15) . The following set 6 of the parameters T 0 = 0.1 K, E F = 5 meV, ν F U ′ = 0.16, t = 10 µeV was used. The set corresponds to Bi 2 Se 3 TI film with width 10 nm. The phase diagram of the system is presented on the inset of Fig. 3 . If Cooper pair decay rate exceeds critical value γ 0 = 0.09 K then the electron-hole pairing is suppressed by a disorder.
Calculated tunneling conductivity both for noninteracting electrons and holes and interacting ones for γ = 0.2 K and T = 0.2 K is presented on Fig. 3 . The dependence has prominent peak and is qualitatively the same for all points of the phase diagram (γ, T ). The peak appears due to restrictions connected with energy and momentum conservation for tunneling electrons. Such peak was predicted and observed also in electron-electron bilayers 34, 35 and it is the peculiarity of a tunneling between two two-dimensional systems. Coulomb interaction between electrons and holes considerably enhances the tunneling conductivity but does not change qualitatively its dependence on external bias.
Height and half-width of the peak for noninteracting electrons are presented on Figs. 4 and 5. The peak becomes more prominent with decreasing of Cooper pair decay and temperature. The peaks width is determined by max{γ, T }. The peaks height is determined as 1/ max{γ, T } and it is decreasing as 1/T at T ≫ γ. The height and half-width of the peak for interacting electrons and holes are presented on Fig. 6 and Fig. 7 , respectively. For γ < γ 0 Coulomb interaction leads to the critical behavior of the tunneling conductivity in a vicinity of the critical temperature that we interpret as fluctuational internal Josephson effect. In vicinity of the critical temperature height of the peak diverges with the critical index ν = 2 that agrees with the analytic results and the width of the peak linearly tends to zero. At high temperatures peaks height decreases as 1/(T log 2 (T /T d )). The critical region in which tunneling conductivity is considerably enhanced is of order ∆T ≈ T d . If the Cooper pair decay exceeds the critical value γ > γ 0 Coulomb interaction considerably enhances the height and leads to reduction of the width but does not lead to any singularities. The peak becomes more prominent with decreasing of decay and temperature as it does in the model of noninteracting electrons and holes. The peaks height smoothly depends on temperature but its maximal value at zero temperature diverges as function of Cooper pair decay γ in vicinity of quantum critical point at γ 0 . The width of the critical region is of order ∆γ ≈ γ 0 .
The peaks width and height smoothly depend on the parameters of the system used for the calculation and listed above. But a satisfaction of the number of assumptions is important for observation of fluctuational internal Josephson effect .
The model we use here is well applicable in the regime of weak hybridization t ≪ T 0 in which influence of tunneling on Cooper pairing can be neglected. In ultrathin TI film the regime of strong hybridization t ≫ T 0 can be realized. In that regime tunneling induces the gap t in the spectrum of electrons and holes which is considerable larger than the one due to their Cooper pairing. Critical temperature and Cooper instability are considerably smoothed in that case. So in that regime we do not expect critical behavior of the tunneling conductivity due to Cooper pair fluctuations. Our calculations for Bi 2 Se 3 shows that regime of strong hybridization can be realized in films which width is less then 10 nm.
The mean field theory we use here for the descrip- The model we use here implies conservation of the momentum of tunneling electron. If the momentum is not conserved the tunneling process creates electron-hole pair with nonzero total momentum of order l −1
T . Here l T is character length at which tunneling matrix matrix element t can be considered as constant. Cooper pair is formed by electron and hole with opposite momenta and the Cooper instability is smoothed if l c ≫ l T . For tunneling between opposite surfaces of topological insulator thin film of high crystalline quality momentum conservation can be achieved to remarkable degree.
We have shown that electron-hole Coulomb interaction considerably enhances the tunneling conductivity in electron-hole bilayer even when the Cooper pairing is suppressed by disorder. The opposite situation takes place in electron-electron bilayer that also can be realized in semiconductor quantum well structure, in graphene double layer system and in a film of topological insulator. Coulomb interaction gives contribution to decay of electrons that was analyzed in 36 and to additional series of diagrams for the tunneling conductivity. We treated the additional diagrams in the ladder approximation (See Fig.2-b) . If they are omitted the tunneling conductivity at zero temperature and at a finite bias V is given by 35, 36 
where g is the degeneracy factor of electrons and t A is additional factor that depends on internal nature of electrons 37 . The dependence of tunnel conductivity on external bias contains prominent peak which becomes more prominent with decreasing of decay rate γ. If the Coulomb interaction is treated in ladder approximation the tunneling conductivity is given by
For electron-electron bilayer Coulomb interaction does not influences the height of the peak and leads to decreasing of the width which is insignificant even in the case of strong interaction ν F U ′ ∼ 1. The roles of the interlayer Coulomb interaction in electron-electron bilayer and electron-hole bilayer are drastically different because the correction to the tunneling conductivity of the primer is caused by the scattering diagrams in particleantiparticle channel and the correction to the one of the latter is caused by the diagrams in particle-particle Cooper channel that contains instability. We have investigated the manifestations of Cooper electron-hole pairing fluctuations in thin film of topological insulator on tunneling between its opposite surfaces. The internal fluctuational Josephson effect is general phenomenon but each realization of electron-hole bilayer has its own peculiarities.
Dirac points in graphene are situated in corners of first Brillouin zone. Electron-hole pairing was predicted [3] [4] [5] in the system of two independently gated graphene layers separated by dielectric film. In that case orientations of the graphene lattices are uncorrelated. The distance between Dirac points of different layers in momentum space is of order a −1 0 , where a 0 is lattice constant of graphene. The tunneling of electrons between Dirac points is possible if l T ∼ a 0 that corresponds to tunneling through impurity states or other defects. The condition l c ≫ l T is well satisfied and the critical behavior of tunneling conductivity in double layer graphene system is considerably smoothed. But if the mutual orientation of graphene layers can be controlled in experiment the presented here theory is well applicable for that system. The formulas (16) , (17) are reasonable and can be easily generalized to additional spin and valley degree of freedom of electrons and holes. So the fluctuational internal Josephson effect can also be experimentally investigates in that system.
Recently anomalies in drag effect in semiconductor double well structure that contains spatially separated electrons and holes were observed 40, 41 . The analysis of results shows that the observed anomalies can be caused by electron-hole pairing not in BCS regime but rather in regime of BCS-BEC crossover 42, 43 . In that regime electron-hole pairing fluctuations also should increase tunneling conductivity of the system but quantitative theory of the effect is interesting and challenging problem. The developed here microscopical theory of fluctuation internal Josephson effect is applicable for that system if the pairing is realized in BCS regime. Moreover the formulas (16) , (17) are reasonable in that case. In the semiconductor double well structures 40,41 the concentrations of electrons and holes can be independently controlled and separate contacts to the layers have been made. So in that system tunneling conductivity between electron and hole layers can be measured and the predictions of our work can be also addressed.
Internal Josephson effect has been observed in quantum Hall bilayer at total occupation factor ν T = 1. But above critical temperature the dependence of tunneling conductivity on external bias does not contain any peak due to non Fermi-liquid behavior of composite electrons and holes [44] [45] [46] [47] . Thus fluctuational effects in that system are more complicated ones and need separate investiga-tion. It should be noted that critical behavior of tunneling conductivity has not been observed yet in experiments in that system.
We have considered influence of electron-hole Cooper pair fluctuations that are precursor of their Cooper pairing in topological insulator film on tunneling between its opposite surface. Cooper pair fluctuations lead to critical behavior of tunneling conductivity in vicinity of critical temperature with critical index ν = 2. If pairing is suppressed by disorder the behavior of tunneling conductivity in vicinity of quantum critical point at zero temperature is also critical with critical index µ = 2. The effect can be interpreted as fluctuational Josephson effect.
